We have computed all the orbit-forcing implications, up to period 8, in horseshoe-type flows or maps that generate strange attractors. The results are presented in a horseshoe implication diagram. We describe how this diagram was computed, and show how it can be used to construct a minimal (basis) set of periodic orbits which force the existence of all the periodic orbits associated with a strange attractor, up to any given period. PACS number(s): 05.45. +b
I. INTRODUCTION
Unstable periodic orbits form the backbone of chaotic flows [1 -3] . They have recently been used to provide a discrete topological classification of Aows for lowdimensional dynamical systems [4] . By low we mean specifically n-dimensional dynamical systems (n~3) with a strongly contracting strange attractor having one unstable direction [5] . The Lyapunov exponents for such an attractor satisfy A. , )i bz =0)A, 3 )~k ", where (strongly contracting condition).
By the Kaplan-Yorke conjecture [6] , the (Lyapunov) dimension of such an attractor is dL =2+ &, /l&, l & 3.
Topological analyses to identify a template [4, 5, 7, 8] have now been carried out for a number of experimental systems [8 -11] . The first step is to locate unstable periodic orbits in the strange attractor. This is conveniently done with experimental data sets by the method of close returns [8] . The next step is to compute the linking numbers [12] for all pairs of surrogate periodic orbits after establishing a three-dimensional embedding. These linking numbers overdetermine a template. The linking numbers of the period-1 and -2 orbits are sufhcient to identify the template [4, 5, 7, 8] . The remaining linking numbers are then used either to confirm or invalidate this identification.
In original intent, templates were introduced to de- We have therefore found it fruitful to consider that the flow is restricted to some subportion of a template [5, 8] which provides the underlying topological organization for the Aow [12] and braid theory [13 -16] .
These phenomena are very clearly seen in the analysis of about 20 data sets for the laser with saturable absorber taken under a variety of experimental conditions [9] . In each case the Aow was restricted to a subportion of a Smale horseshoe [17] template. As the experimental conditions varied, the Aow was restricted to different portions of the template. Furthermore, under each experimental condition there was a small number of orbits whose existence appeared to force the presence of all the other periodic orbit which were extracted from the data. [18] , along with the symbolic dynamics of each orbit [19] . This order is summarized in Fig. 1(b) . The symbolic dynamics of these orbits, and some of their other useful properties, have been collected in Table I . In Fig. 1(a We include orbits only up to period 8 in Fig. 1 for a practical reason. As a general rule, the higher the period, the more dificult it is to extract the orbit from data. In our experience, period 8 is a practical upper bound on the orbits which can be extracted from data and used for topological analyses.
The remainder of this work provides a description of how Fig. 1(a) [21] . One is a regular saddle. The other is a stable node. In the progression to the fully developed horseshoe, the node loses its stability in a period doubling bifurcation, becoming a "Aip saddle" and giving rise to a daughter orbit of twice the period (mother-daughter pair). This daughter orbit, stable at the time of its creation, then loses its stability, undergoing a period doubling bifurcation, etc. In the fully hyperbolic limit the regular (Hip) saddle passes an even (odd) number of times through the orientation reversing component (1) 
The order in which the periodic orbits are created depends on the route taken to the fully hyperbolic limit. This depends in detail on the family of Aows or orientation preserving maps considered and the path taken in the space of their control parameters. However, independent of details, some orbits must be created before others are created [13 -16] . Conversely, when a horseshoe is "unfolded", some orbits must be destroyed ("pruned") before others [22] .
The order in which orbits are forced can be determined from their linking numbers [12] . Fig. 2 .
The implications analysis carried out by linking numbers is subject to two additional conditions. These are the possibility of exchange elimination and the transitivity of implications. Both concepts are illustrated in Fig. 3 .
Exchange elimination is illustrated in Fig. 3(a) The transitivity of forcing is illustrated in Fig. 3(b) Fig. 1 The topological entropy provides a rough ordering for orbits, since orbits of lower entropy cannot force orbits of higher entropy. Similarly, the U-sequence order for orbits of unimodal maps of the interval provides a rough ordering for horseshoe orbits, since orbits created earlier in the U sequence cannot force orbits created later. Topological entropy and U sequence order provide the two convenient axes on which to present the horseshoe orbit implication diagram.
The one-dimensional entropy for all orbits up to period 8 in unimodal maps of the interval was computed using an algorithm suitable for one-dimensional maps [24] . The topological entropy for these same orbits was also computed [16, 25] Fig. 1(b) and Table I ]. They are also shown along the horizontal (zero-entropy) axis of Fig.   1(a) .
(ii) Period-doubled daughter orbits force only their mother ( Fig. 3(b) ].
In Fig. 4(c Fig. 4 .
In Fig. 4(a) In Fig. 4(b) The linking numbers between the zero-entropy orbits and the positive-entropy orbits were then computed to complete the forcing diagram. The interpretation of the linking number table was straightforward.
We make a few remarks about the construction of Fig. 1(a) Fig. 1(b) . The horizontal locations of all orbits in Fig. 1(a) have been adjusted somewhat within these intervals, but no orbit has been relocated outside its interval. Fig.  4(d) . This is comparable to Fig. 4(b) [4] . We have shown how to extract these integers from time series data [8] [31] .
The problem of determining equivalence to period p is resolved by the appropriate choice of a basis set of periodic orbits, to period p. A basis set is a minimal set of periodic orbits which force all the periodic orbits which are present in a strange attractor, up to some fixed period. This can be done for horseshoe-type strange attractors using Fig. 1(a) Fig. 1(a) . This procedure is the dynamical system analog of the determination of dimension and choice of basis vectors for a linear system. The choice of a basis set of orbits identifies the subportion of a horseshoe template to which a flow with a given spectrum of periodic orbits is restricted. A lower bound on the entropy of such a flow can be estimated by computing the topological entropy of the (reducible) braid consisting of the basis orbits.
V. SUMMARY AND CQNCLUSIQN
The construction of an orbit forcing diagram, carried out here by topological methods, is intermediate in spirit between two recently proposed approaches to this problem. Hall [14, 15] and Tufillaro [16] Cvitanovic, Gunaratne, and Procaccia [22] consider families of dissipative orientation preserving maps and ask the question: which orbits must be missing when others are missing? Their answer is given in terms of a "pruning front" moving through the space of periodic orbits, systematically removing orbits from the hyperbolic limit. This description becomes an increasingly good approximation to the bifurcation sequence as the dissipation of the maps increases.
As in Ref. [22] , our topological approach starts from the hyperbolic limit for flows in which all possible horseshoe orbits exist. valid independent of dissipation from the conservative limit (zero dissipation) to the unimodal limit (infinite dissipation), and are given explicitly in Fig. 1(a) DGICYT (Spanish government) PB90-0632. R.L-R.
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